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Several Symmetri
 Inequalities ofExponential Kind

Arkady AltIn this arti
le we suggest a general approa
h for proving 
ertain sym-metri
 inequalities of exponential kind in three variables whi
h have ap-peared in print at various times.Theorem 1 Let n, m, p, and q be arbitrary nonnegative real numbers, su
hthat n ≥ m and p ≥ q. Then for any positive real numbers a, b, c thefollowing inequality holds
an+p + bn+p + cn+p

am+q + bm+q + cm+q
≥

an + bn + cn

am + bm + cm
·

ap + bp + cp

aq + bq + cq
.Proof: Let σ(x) = σ(x; a, b, c) =

∑
y
li
 ax; the inequality then be
omes
σ (n + p)

σ (m + q)
≥

σ (n)

σ (m)
·

σ (p)

σ (q)
.The inequality is essentially the same upon swit
hing n and p or m and q, sowe may suppose that n ≥ p and m ≥ q. Then q = min{n, m, p, q}.Sin
e the inequality to be proved is equivalent toσ (n + p) σ (m) σ (q) ≥

σ (m + q) σ (n) σ (p) and we also have
σ (n + p) σ (m) σ (q)

=
∑
y
li
 an+p ·





∑
y
li
 am+q +
∑
y
li
(ambq + bmaq

)





=





∑
y
li
 an+p









∑
y
li
 am+q



 +
∑
y
li
(an+p + bn+p

)(

ambq + bmaq
)

+
∑
y
li
 cn+p

(

ambq + bmaq
) ,

with the analogous inequality holding for σ (m + q) σ (n) σ (p), it thereforesuÆ
es to prove the following two inequalities:
∑
y
li
(an+p + bn+p

)(

ambq + bmaq
)

≥
∑
y
li
(am+q + bm+q

)(

anbp + bnap
) ,

∑
y
li
 cn+p
(

ambq + bmaq
)

≥
∑
y
li
 cm+q

(

anbp + bnap
) .
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The �rst inequality above is settled by the following 
al
ulation:

∑
y
li
(an+p + bn+p
)(

ambq + bmaq
)

−
∑
y
li
(am+q + bm+q

)(

anbp + bnap
)

=
∑
y
li
(an+p+mbq + bn+p+maq + ambn+p+q + bman+p+q

− an+m+qbp − bn+m+qap − anbm+p+q − bnam+p+q
)

=
∑
y
li
 aqbq

(

an+m+p−q + bn+m+p−q − an+mbp−q − bn+map−q
)

+
∑
y
li
 ambm

(

an+p+q−m + bn+p+q−m − ap+qbn−m − bp+qan−m
)

=
∑
y
li
 aqbq

(

an+m − bn+m
)(

ap−q − bp−q
)

+
∑
y
li
 ambm

(

ap+q − bp+q
)(

an−m − bn−m
)

≥ 0 .Lastly, sin
e
∑
y
li
 cn+p

(

ambq + bmaq
)

=
∑
y
li
 cq

(

an+pbm + bn+pam
) ;

∑
y
li
 cm+q
(

anbp + bnap
)

=
∑
y
li
 cq

(

am+pbn + bm+pan
) ,the se
ond inequality that remains to be proved now follows immediatelyfrom

∑
y
li
 cq
(

an+pbm + bn+pam − am+pbn − bm+pan
)

=
∑
y
li
 ambmcq

(

an−m+p + bn−m+p − apbn−m − bpan−m
)

=
∑
y
li
 ambmcq

(

ap − bp
)(

an−m − bn−m
)

≥ 0 .
Corollary 1 Let k be a nonnegative integer and let p ≥ q ≥ 0. Then for anypositive real numbers a, b, and c the following inequality holds

akp + bkp + ckp

akq + bkq + ckq
≥

(

ap + bp + cp

aq + bq + cq

)k .Proof: We set n = kp, m = kq in Theorem 1 to obtain
σ(kp + p)

σ(kq + q)
≥

σ(kp)

σ(kq)
·

σ(p)

σ(q)
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and that yields the inequality

σ
(

(k + 1)p
)

σ
(

(k + 1)q
)

(

σ(p)

σ(q)

)−(k+1)

≥
σ(kp)

σ(kq)

(

σ(p)

σ(q)

)−k ,whi
h implies that
σ(kp)

σ(kq)

(

σ(p)

σ(q)

)−k

≥
σ(1 · p)

σ(1 · q)

(

σ(p)

σ(q)

)−1

= 1 ,and the inequality to be proved now follows.Theorem 2 Let a, b, and c be positive real numbers. Then for any positiveinteger n the fun
tion
Ln(x) = Ln(x; a, b, c) =

an + bn + cn

anx + bnx + cnx

∑
y
li
 (

ax

b + c

)n

is in
reasing in x on (0, ∞).Proof: Let p, q ∈ (0, ∞) and q < p. Due to the homogeneity of Ln(x; a, b, c)with respe
t to a, b, and c, it suÆ
es to prove the assertionwhen a+b+c = 1.Using the expansion 1

(1 − t)n
=

∞
∑

k=0

(

k+n−1
n−1

)

tk we obtain
σ(np)σ(nq)

σ(n)

(

Ln(p) − Ln(q)
)

= σ(nq)
∑
y
li
 anp

(1 − a)
n − σ(np)

∑
y
li
 anq

(1 − a)
n

= σ(nq)
∑
y
li
 ∞

∑

k=0

(

k + n − 1

n − 1

)

ak+np − σ(np)
∑
y
li
 ∞

∑

k=0

(

k + n − 1

n − 1

)

ak+nq

=

∞
∑

k=0

(

k + n − 1

n − 1

)

(

σ(nq)σ(k + np) − σ(np)σ(k + nq)
)

=
∞
∑

k=0

(

k + n − 1

n − 1

)

∑
y
li
(ak+npbnq + anqbk+np − ak+nqbnp − anpbk+nq
)

=

∞
∑

k=0

(

k + n − 1

n − 1

)

∑
y
li
 anqbnq
(

an(p−q) − bn(p−q)
)

(

ak − bk
)

≥ 0 ,
sin
e (

an(p−q) − bn(p−q)
) (

ak − bk
)

≥ 0 for any nonnegative integer k.Corollary 2 For any positive real numbers a, b, c, r and any positive numbers
p and q su
h that q < r < p the following inequality holds

1

σ(nq)

∑
y
li
( aq

br + cr

)n

≤
1

σ(nr)

∑
y
li
( ar

br + cr

)n

≤
1

σ(np)

∑
y
li
( ap

br + cr

)n .
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Proof: Sin
e Ln

(

x; ar, br, cr
) is in
reasing in x and q < r < p, we have

Ln

(

q

r
; ar, br, cr

)

≤ Ln (1; ar, br, cr) ≤ Ln

(

p

r
; ar, br, cr

) ,whi
h is equivalent to the inequality to be proved.By the results of Corollary 1 and Corollary 2 we obtain su

essively
1

σ(nq)

∑
y
li
( aq

br + cr

)n

≤
1

σ(nr)

∑
y
li
( ar

br + cr

)n ;
∑
y
li
( aq

br + cr

)n

∑
y
li
( ar

br + cr

)n ≥
σ(nr)

σ(nq)
≥

(

σ(nr)

σ(nq)

)n ,
and similarly we obtain

∑
y
li
( ap

br + cr

)n

∑
y
li
( ar

br + cr

)n ≥
σ(np)

σ(nr)
≥

(

σ(p)

σ(r)

)n .
It follows that for any positive real numbers a, b, c, r and any positive realnumbers p, q su
h that q < r < p, the following inequality holds

1

σn(q)

∑
y
li
( aq

br + cr

)n

≤
1

σn(r)

∑
y
li
( ar

br + cr

)n

≤
1

σn(p)

∑
y
li
( ap

br + cr

)n .
Corollary 3 Let a, b, c be positive real numbers and let

F (x) = F (x; a, b, c) =
a + b + c

ax + bx + cx

∑
y
li
 ax + bx

a + b
,

E(x) = E(x; a, b, c) =
1

ax + bx + cx

∑
y
li
 a (bx + cx)

b + c
.

Then F (x) and E(x) are ea
h de
reasing on (0, ∞).Proof: We have
L1(x) =

σ(1)

σ(x)

∑
y
li
 σ(x)

b + c
−

σ(1)

σ(x)

∑
y
li
 bx + cx

b + c
=

∑
y
li
 a + b + c

b + c
− F (x) ,

hen
e, F (x) is de
reasing on (0, ∞) be
ause L1(x) is in
reasing on (0, ∞)by Theorem 2. Straightforward 
al
ulations show that E(x) = F (x) − 2,hen
e E(x) is also de
reasing on (0, ∞).
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We now apply the pre
eding results to obtain some generalizations ofvarious problems.Problem For any positive real numbers a, b, c, r and any positive real num-bers p, q su
h that q < r < p prove the following inequalities:

1

σ(p)

∑
y
li
 ap + bp

ar + br
≤

3

σ(r)
≤

1

σ(q)

∑
y
li
 aq + bq

ar + br
; (1)

1

σ(p)

∑
y
li
 ar
(

bp + cp
)

br + cr
≤ 1 ≤

1

σ(q)

∑
y
li
 ar
(

aq + bq
)

ar + br
. (2)

Solution: We have F (
p

r
; ar, br, cr) ≤ F (1; ar, br, cr) ≤ F (

q

r
; ar, br, cr) byCorollary 2, and sin
e F (1; ar, br, cr) = 3 the �rst inequality follows.Similarly, E(

p

r
; ar, br, cr) ≤ E(1; ar, br, cr) ≤ E(

q

r
; ar, br, cr) andsin
e E(1; ar, br, cr) = 1 the se
ond inequality follows.Inequality (1) is a generalization of the inequality ∑
y
li
 a2 + b2

a + b
≤

3σ(2)

σ(1)in [2℄, and also a generalization of the inequality in [3℄.Inequality (2) generalizes the inequality ∑
y
li
 xp(y + z)

yp + zp
≥ x + y + z,for positive x, y, z, and p > 1, whi
h is Peter Woo's generalization of theinequality in [4℄ (see the 
ommentary on p. 180). Furthermore, by usingthe rightmost relation of Inequality (2) we 
an obtain a generalization of theinequality ∑
y
li
 aλ+1

bλ + cλ
≥

a + b + c

2
, for λ ≥ 0, suggested by Walther Janousin [4℄ (again, see the 
ommentary on p. 180). Namely: for any positive realnumbers a, b, c, p, and q the following inequality holds

∑
y
li
 ap+q

bp + cp
≥

aq + bq + cq

2
. (3)

Proof: The inequality ap+q
`

bq + cq
´

bp+q + cp+q
≤

2ap+q

bp + cp
holds sin
e simple manipula-tions show that it is equivalent to (

bq −cq
)(

bp−cp
)

≥ 0, and from inequality(2) it follows that ∑
y
li
 ap+q
`

bq + cq
´

bp+q + cp+q
≥ aq + bq + cq, hen
e,

∑
y
li
 ap+q

bp + cp
≥

1

2

∑
y
li
 ap+q (bq + cq)

bp+q + cp+q
≥

aq + bq + cq

2
,

whi
h proves inequality (3).In [1℄ the inequality ∑
y
li
 (

c2

a2 + b2

)n

≥
∑
y
li
 (

c

a + b

)n was suggested.The next theorem o�ers a generalization.
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Theorem 3 Let n be a positive integer and a, b, c be positive real numbers.Then G(x) = Gn(x; a, b, c) =

∑
y
li
 (

cx

ax + bx

)n is in
reasing on (0, ∞).Proof: Let p > q > 0 and let Ax =
ax

σ(x)
, Bx =

bx

σ(x)
, and Cx =

cx

σ(x)
.Then we obtain

Gn(p) ≥ Gn(q) ⇐⇒
∑
y
li
 An

p

(1 − Ap)n
≥

∑
y
li
 An
q

(1 − Aq)n

⇐⇒
∑
y
li
 ∞

∑

k=0

(

k + n − 1

n − 1

)

Ak+n
p

≥
∑
y
li
 ∞

∑

k=0

(

k + n − 1

n − 1

)

Ak+n
q

⇐⇒

∞
∑

k=1

(

k + n − 1

n − 1

)

∑
y
li
 Ak+n
p ≥

∞
∑

k=1

(

k + n − 1

n − 1

)

∑
y
li
 Ak+n
q

⇐⇒

∞
∑

k=1

(

k + n − 1

n − 1

)

σ
(

(k + n)p
)

σk+n(p)
≥

∞
∑

k=1

(

k + n − 1

n − 1

)

σ
(

(k + n)q
)

σk+n(q)
,and the last inequality above holds termwise by the result of Corollary 1.By applying the result of Theorem 3 to the terms of an in�nite serieswe obtain the following 
orollary.Corollary 4 Let h(t) =

∞
∑

n=0
hntn, where ea
h hn is nonnegative and the series
onverges for t ≥ 0. Then for any positive real numbers a, b, c the fun
tion

Gh(x; a, b, c) =
∑
y
li
 h

(

cx

ax + bx

) is in
reasing in x on (0, ∞).Referen
es[1℄ Razvan Satnianu, Problem 11080, Ameri
an Mathemati
al Monthly,Vol. 111, No. 4.[2℄ Nguyen Le Dung, Problem 221.5, \All the best from Vietnamese Prob-lem Solving Journals", The Maths
ope, Feb. 12 (2007) p. 5.[3℄ Arkady Alt, Problem 3300, CRUXMathemati
orum with Mathemati
alMayhem, Vol. 33, No. 8 (2007) p. 489.[4℄ Sefket Arslanagi
, Problem 2927∗, CRUXMathemati
orum with Math-emati
al Mayhem, Vol. 30, No. 3 (2004) p. 172; solution in Vol. 31,No. 3 (2005) pp. 179-180. Arkady AltSan Jose , CaliforniaUSA
arkady.alt@gmail.com


